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In this talk, we shall partly calculate the approximate point
spectrum and the approximate defect spectrum of an analytic
elementary operator on $\mathcal{L}(\mathcal{E})$ and give an elementary proof of
Rosenblum-Kleinecke’s result about the spectrum of generalized
derivations(or elementary multiplications.) Moreover, we shall
study the structure of several types of elementary opeartors on
$\mathcal{L}(\mathcal{H})$ .
1
$A$ unital . { $a_{1},$ $\cdots$ , an}, $\{b_{1}, \cdot.\cdot\cdot, b_{n}\}$
$A$ commuting n-tuple ,
$\Phi(x)=\sum_{j=1}a_{j^{X}j}b$
$(x\in A)$
$\Phi$ $A$ elementary operator . $\Phi$ $A$
. (i.e. $\Phi\in \mathcal{L}(A).$ )
Example 1.1.
$a,$ $b\in A$ ,
(i) $\delta_{a,b}(x)=ax-xb$ $(x\in A)$ $A$ generalized derivation
.
(ii) $\chi a,b(X)=axb$ $(x\in A)f3;A\text{ }\sigma)$ elementary multiplication 8
.
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Theorem 1.2. (Rosenblum [7])
$a,$ $b\in A$ .
(i) $\omega\not\in\sigma(a)-\sigma(b)(=\{\alpha-\beta|\alpha\in\sigma(a), \beta\in\sigma(b)\})$ ,
$\omega\not\in\sigma(\delta_{a,b})$ . $x\in A$ ,
$\langle\delta_{a,b}-\omega)^{-1}(x)=\frac{1}{2\pi i}\int_{\partial D}[a-(\omega+z)]^{-1}x(Z-b)^{-1}d_{Z}$.
( $D$ $\sigma(b)\subset D,$ $\sigma(a-\omega)\cap\overline{D}=\emptyset$ Cauchy domain, $\partial D$
.)
(ii) $\sigma(\delta_{a,b})\subseteq\sigma(a)-\sigma(b)$ .
Kleinecke , $A=L(\mathcal{E})$ ( $\mathcal{E}$ ) ,
(ii) . ( $[6],[7]$
, Kleinecke .)
, Kleinecke ,
. Lumer-Rosenblum [6] ,
analytic elementary operator .
Definition 1.3. (analytic elementary operator)





$A$ elementary operator $\Psi$ analytic elementary oP-
erator . ( , $x\in A$ Analy $(\sigma(x))$ , $x$
$\sigma(x)$ $U_{f}$ ( ) $f=f(\lambda)$ , $f(x)$
$x$ $f$ .)
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Theorem 14. (Lumer-Rosenblum [6])




, $\mathcal{L}(\mathcal{L}(\mathcal{E}))$ analytic elementary operator
, Rosenblum-Kleinecke
. , $\Psi$ $\delta_{A,B}$ $xA,B$
.
Corollary 1.5.
$A,$ $B\in \mathcal{L}(\mathcal{E})$ ,
(i) $\sigma(\delta_{A,B})=\sigma(A)-\sigma(B)(=\{\alpha-\beta|\alpha\in\sigma(A), \beta\in\sigma(B)\})$ ,
(ii) $\sigma(\chi_{A,B})=\sigma(A)\sigma(B)(=\{\alpha\beta|\alpha\in\sigma(A), \beta\in\sigma(B)\})$ .







”Integral Equations and Operator Theory” (2000
12 20 ) [5] . ,








$\sigma_{ap}(T)=$ { $\lambda\in \mathbb{C}|\lambda-T$ is not bounded below}
$\sigma_{ad}(T)=$ { $\lambda\in \mathbb{C}|\lambda-T$ is not surjective}
, $T$ approximate point spectrum, approximate defect
spectrum . ( $\lambda-T$ bounded below $c>0$
, $x\in \mathcal{E}$ $||(\lambda-T)x||\geq C||x||$ .
, $\lambda\in\sigma_{ap}(^{J}\tau)$ , $\{x_{n}\}_{n=1}^{\infty}$ $||(\lambda-T)x_{n}||arrow$
$0(narrow\infty)$ .)
$\sigma(T)=\sigma_{ap}(T)\cup\sigma_{ad}(T)$ . $\sigma_{ap}(T)$ $\mathbb{C}$
, $\sigma(T)$ $\sigma_{ap}(T)$
. Rudin [8], Chapter 4
.
Lemma 2.2.
$T\in \mathcal{L}(\mathcal{E})$ Banach space adjoint $T^{\mathrm{T}}\in \mathcal{L}(\mathcal{E}’)$ ( $\mathcal{E}’$ $\mathcal{E}$
.) $\sigma_{ap}(\tau\uparrow)=\sigma_{ad}(T)$ $\sigma_{ad}(\tau\uparrow)=\sigma_{ap(T)}$ .
Corollary 23.
$T\in \mathcal{L}(\mathcal{E})$ $\partial\sigma(T)\subseteq\sigma_{ap}(T)\cap\sigma_{ad}(\tau)$ . ( $\partial\sigma(T)$ $\sigma(T)$
.)





$\mathcal{H}$ , $T\in \mathcal{L}(\mathcal{H})$ , $\sigma_{ap}(T)=\sigma_{l}(T)$
$\sigma_{ad}(T)=\sigma_{r}(T)$ .
$(\text{ }, \sigma_{l}(T)=$ { $\lambda\in \mathbb{C}|\lambda-T$ is not left invertible}, $\sigma_{r}(T)=\{\lambda\in$




$1974\not\in l_{arrow}^{arrow}$ , Davis 8 Rosenthal $75\searrow\backslash ^{\backslash }\mathcal{L}(\mathcal{E})\text{ }\sigma)$ generalized derivation
$\delta_{A,B}$ , $\sigma_{ap}(\delta_{A,B})$ $\sigma_{ad}(\delta_{A,B})$ form ([3]).
[5] , , $\mathcal{L}(\mathcal{E})$ analytic
elementary operator $\Psi$ $\sigma_{ap}(\Psi)$ $\sigma_{ad}(\Psi)$ (
) . .
Theorem 2.5. (Davis-Rosenthal [3])
$A,$ $B\in \mathcal{L}(\mathcal{E})$ ,
(i) $\sigma_{ap}(\delta_{A,B})=\sigma_{ap}(A)-\sigma_{ad}(B)$ ,
(ii) $\sigma_{ad}(\delta_{A,B})\supseteq\sigma_{ad}(A)-\sigma_{ap}(B)$ .
$\mathcal{E}$ , (ii) . (
, . )
Theorem 25 , $\mathcal{L}(\mathcal{E})$ analytic elementary
operator $\Psi$ .
Conjecture 26.
$A,$ $B\in \mathcal{L}(\mathcal{E})$ , analytic elementary operator
$\Psi(X)=\sum_{1j=}^{n}f_{j(A})x_{g()}jB$ $(X\in \mathcal{L}(\mathcal{E}))$
,
(i) $\sigma_{ap}(\Psi)=\{\sum_{j=1}^{n}.fj(\alpha)gj(\beta)|\alpha\in\sigma_{ap}(A),$ $\beta\in\sigma_{ad(B})\}$ ,
(ii) $\sigma_{ad}(\Psi)\supseteq\{\sum_{j=1}^{n}fj(\alpha)gj(\beta)|\alpha\in\sigma_{ad}(A),$ $\beta\in\sigma ap(B)\}$ .
, $\mathcal{E}$ , (ii)
.
, – . (
Leinma 22. .)
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Theorem 2.7. (Kimura [5])
(i) $\sigma_{ap}(\Psi)\supseteq\{\sum_{j=1}^{n}fj(\alpha)gj(\beta)|\alpha\in\sigma_{ap}(A),$ $\beta\in\sigma_{ad(B})\}$ ,
(ii) $\sigma_{ad}(\Psi)\supseteq\{\sum_{j=1}^{n}fj(\alpha)gj(\beta)|\alpha\in\sigma_{ad}(A),$ $\beta\in\sigma ap(B)\}$ .
, (i) , $\mathcal{E}$
(ii) , .
, elementary multiplication $xA,B$ , Theorem 2.5.
.
Theorem 28. (Kimura [5])
$A,$ $B\in \mathcal{L}(\mathcal{E})$ ,
(i) $\sigma_{a_{P}}(xA,B)=\sigma_{ap}(A)\sigma_{ad}(B)$ ,
(ii) $\sigma_{ad}(x_{A,B})\supseteq\sigma_{ad}(A)\sigma_{a}(pB)$ .
$\mathcal{E}$ , (ii) (
, .)
3 Rosenblum-Kleinecke
, 2 Theorems 25.,2.7.,28. 1 Lunier-Rosenblum
(Theorem 14.) , 2 –
Theorem 14. [6]
( , Herrero [4] , $\mathcal{E}$
, Theorem 25. Rosenblum-Kleinecke
, .)
$\mathcal{L}(\mathcal{E})$ $\delta_{t1,B}$ $xA,B$
, Theorem 14. Corollary 1.5.
([5]). , Herrero $\mathcal{E}$
.
, . Corollary 2.3. .
Lemma 3.1. (Kimura [5])
$A,$ $B\in \mathcal{L}(\mathcal{E})$ ,
(i) $\sigma(A)-\sigma(B)=\{\sigma_{ap}(A)-\sigma d(a)B\}\cup\{\sigma_{ad}(A)-\sigma ap(B)\}$ ,
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(ii) $\sigma(A)\sigma(B)=\mathrm{t}\sigma_{ap}(A)\sigma ad(B)\}\cup\{\sigma_{ad}(A)\sigma a_{\mathrm{P}}(B)\}$ .
Theorems 2.5.,2.8., Lemma 3.1. , .
$\sigma(\delta_{A,B})\supseteq\sigma(A)-\sigma(B)$ ,
$\sigma(\chi_{A,B})\supseteq\sigma(A)\sigma(B)$ .
, $\mathcal{E}$ $(\supseteq)$ $(=)$
, Corollary 1.5. . Lumer-
Rosenblum [6] , Gelfand spectral theory,
$\mathcal{L}(\mathcal{E})$ topological zero divisor , technique
, .
$-$ approximate point spectrum, approximate de-
fect spectrum 2 ,
.
, $(\supseteq)$
. ( $(\subseteq)$ ,
Gelfand spectral theory [6] – , )
, analytic elementary operator $\Psi$ , Lemma 3.1.
, Theorem 14.
.
4 $\mathcal{L}(\mathcal{H})$ elementary operator
$\mathcal{H}$ . $T\in \mathcal{L}(\mathcal{H})$ , $T^{*}\in \mathcal{L}(\mathcal{H})$
Hilbert space adjoint .
Definition 4.1.
$T\in \mathcal{L}(\mathcal{H})$ .
(i) $T$ dominant , $\mathrm{r}\mathrm{a}\iota 1(\lambda-T)\subseteq \mathrm{r}\mathrm{a}\mathrm{n}(\lambda-T)*$
$\lambda\in\sigma(T)$ .
(ii) $T$ $\mathrm{P}$-hyporiormal $(0<P<\infty)$ , $(T^{*}T)^{p}\geq$
$(TT^{*})^{p}$ .
(iii) $T$ \searrow ‘‘ log-hyponormal , $T$ invertible
$\log(T^{*\tau)}\geq\log(TT^{*})$ .
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Lemma 4.2. (Kimura [5])




$T^{*}$ $\tau\dagger$ , Lemma 22.
,
$\sigma_{ap}(T*)=\overline{\sigma_{ad}(T)},$ $\sigma_{ad}(T*)=\overline{\sigma_{ap}(\tau)}$
( , $E\subseteq \mathbb{C}$ , $\overline{E}=\{\overline{\lambda}|\lambda\in E\}.$ )
, $T$ normal approximate point spectrum $\sigma_{na}(T)=\{\lambda\in$
$\mathbb{C}|\exists$ unit vectors $\{X_{n}\}_{n1}^{\infty}=\mathrm{s}.\mathrm{t}$ . $||(\lambda-T)x_{n}||arrow 0,$ $||(\lambda-T)^{*}xn||arrow$
$0(narrow\infty)\}$ , $\sigma_{ap}(T)=\sigma_{na}(T)$ $\sigma(T)=\sigma_{ad}(T)$
.
Dominant , p-hyponorntal , $\log$-hyponormal ,
Cho-Huruya [1], Stampli-Wadhwa [9], $\mathrm{T}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{h}\mathrm{a}\mathrm{S}\mathrm{h}\mathrm{i}[11]$ , $\sigma_{ap}(T)=$
$\sigma_{na}(T)$ , .
Lemma 4.2. Theorems 14.,2.7. .
Theorem 43. (Kimura [5])
$A,$ $B\in \mathcal{L}(\mathcal{H})$ , analytic elementary operator
$\Psi(X)=\sum_{j=1}f_{j(A})x_{g()}jB$
$A,$ $B^{*}$ {dominant, $P$-hyponormal, $\log$-hyponormal}
$\sigma(\Psi)=\sigma_{ad}(\Psi)$ .
$A^{*},$ $B$ {dominant, p-hyponormal, log-hyponormal}
$\sigma(\Psi)=\sigma_{ap}(\Psi)$ .
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